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Introduction

In previous memoirsf I have considered the general theory of a class of

infinite series of the form

n=o      g{%)

where the coefficients c0, ci, c2, • • • are independent of x and where the

function g ( x ) is single-valued in a sector V formed by two rays from zero to

infinity and containing in its interior the positive axis of reals, is analytic at

each point in this region for which | x \ is sufficiently large but finite, and has

the asymptotic property expressed in the formula

(2) g{x)~x™e^(l+al+^+---)

Here P ( x ) and Q ( x ) are polynomials which we write in the form

P (x) = no + au x + ß2 x2 + ■ ■ ■ + ßk z*        (m* + 0 if k > 0),

Q(x) = a0 + ai x + a2 x2 + ■ ■ ■ + OmXm        ( am =(= 0 if m > 0).

(By r* we mean es log r, where the principal determination of log r is taken.)

In case k = 0 we assume that m > 1 in order to avoid a case which is un-

important so far as our present objects are concerned.

By means of these functions g(x) we now introduce the general class of

integrals

w_   /(x)-r*(,)£^if}*'
* Presented to the Society, April 13, 1918.

f These memoirs will be referred to by the numbers in the following list : I. These Trans-

actions, vol. 17 (1916), pp. 207-232. II. Bulletin of the American

Mathematical Society, vol. 23 (1917), pp. 407-425. III. American Jour-

nal of Mathematics, vol. 39 (1917), pp. 385-403. IV. American Journal
of Mathematics,  vol. 40 (1918), pp. 113-126.
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where <j> ( t ) is finite and single-valued for finite t = 0, | <$> ( t ) | has an upper

bound in every finite interval ( Or ), and <j> ( t ) is integrable in every such inter-

val. * It is obvious that deep-lying analogies exist between series ß ( x ) and

integrals J ( x ).

The most important case of integrals J ( x ) which has figured in the litera-

ture is that for which we have

g{x)=e-W,       4>(t) =*(t)et<2;

this gives rise to the Euler-Laplace intégrait

(4) I(x) =   rt(t)e-'*dt,
Jo

the integral at the basis of the Laplace transformation. It is also a funda-

mental integral in Borel's integral definition of the sum of a divergent series.

Other special cases of particularly simple properties are suggested at once

by the instances of series ß ( x ) exhibited in Memoir II. One may consider

also a generalization of integrals J(x) analogous to the generalization T(x)

of the series fí ( x ) given in Memoir II.

A sum of two particular integrals J ( x ) also gives rise to an integral of

interest.    For the first of these integrals J ( x ) we take

4>(t) =|[«(0 -w(<)]¿",i(ft"0,      g(x) =e~iix^x-1),      ¿=V^T,

where u(t) and v(t) are real-valued functions of the real variable t and x

is now to be restricted to real values. For the second of these we take func-

tions </> and g obtained from the foregoing on replacing i by — i. Adding

the two corresponding integrals J ( x ) we obtain the integral

{ u (t) cos tx + v (t) sin tx } dt.
0

This will be recognized as an integral having close analogies with Fourier

series.Î

The object of this paper is to develop the first fundamental convergence

properties of the general integrals J ( x ). In Section 1 I show that the region

of convergence of J(x) is a half-plane and determine the orientation of the

line which bounds this half-plane.    In Section 2 the corresponding results

* All integrals involved in the paper are taken in the sense of Cauchy-Riemann.

f This integral has been treated by many writers. For the principal references up to 1912

see Encyclopédie des Sciences Mathématiques, II, 5, pp. 35-41. Among later papers may be

mentioned the following: Pineherle, Acta Mathematica, vol. 36 (1913), pp. 269-

280; Horn, Crelle's Journal, vol. 144 (1914), pp. 167-189, and vol. 146 (1915), pp.
95-115; Horn, Jahresbericht der Deutschen Mathematiker-Ver-

einigung,  vol. 24 (1916), pp. 309-329, and vol. 25 (1916), pp. 74-83.
| In a similar way a Fourier series may be obtained as a sum of two series Q ( s ) .
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for the region of absolute convergence are stated. The boundary of the half-

plane of absolute convergence has the same orientation as the boundary of

the half-plane of convergence. In Section 3 I consider uniform convergence

in closed regions and the consequent properties as to analyticity of functions

defined by integrals J ( x ). Finally, in Section 4 I determine the position of

the lines of convergence and absolute convergence in terms of <j> and g. The

formulae are analogous to those by which the radius of convergence of a

power series is determined in terms of the coefficients. Throughout the paper

I have freely used the methods by which Landauf has treated a special case

of the integrals J ( x ).

1. Character of the region of convergence of J(x)

A point p in the complex x-plane corresponding to which there exists a non-

negative real value h of t such that the function g (x -f- h)/g (x) of x has a

singularity at x = p will be called an exceptional -point for the integral J (x).

All other points will be called non-exceptional points. We shall also speak

of x = p as an exceptional or non-exceptional number or value in the respective

cases.

Let xo and Xi be two values of x which are non-exceptional for the integral

J (x) and suppose that J(x0) converges. We seek conditions under which

J (xi) certainly converges.

Let us write

G(t) = J <j>(t)g(x0 + t)dt

where the non-negative real constant a is chosen so that g ( x0 + t ) is different

from zero for every t ~ a and where r IS a. Since J(Xo) converges it is

clear that G(t) approaches a finite limit as r becomes infinite. Consider

the integral

(6) u(t)= r*(Oi(*i+o«ft- r*(og(*o+oi!/f.iiii<ft.
Ja Ja Jl-tOT   Î)

To prove that J (xi) converges it is clearly sufficient to show .hat U(t)

approaches a finite limit as t becomes infinite. Integrating by parts in (6)

we have the following formula (which we shall need later) :

(7) ff(r)-0<r)*f*4^- rG{t)(±'-¥±±£)*.
<7(zo + 7-)     Ja \dtg(xo + t)J

This brings us to a consideration of the asymptotic character of g ( £ + t )

with respect to t for the fixed value £ of x.   It is easy to see that we have a

JSitzungsberichte der mathematisch-physikalischen Klasse

der Königlichen Bayerischen Akademie der Wissenschaften zu

München,  vol. 36 (1906), pp. 151-218.    See especially pp. 208-218.
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relation of the form

(8) flr(Í + t) ~ ^.ti^r+^fí ^ + ej + eA+ ...)

where the c's are independent of t and where p (í, £) and g (í, |) are quantities

which may be written in the form

?(*,£) = ■»o«) + »i(Oi + »j(0?+    •• +"*(*)£*,

(9) g(«,£) =|8o(0 + M0£ + ft(Oí2 + ••• + MOÉ"

Here the quantities v, ß, y have the values

".(0 = ¿í*)/*<*", # = 0,1, •••,&;

(10) AO-ÊÎ*)«*«*^, # = 0,1,-.., m;

nr.(0-±«í*-[(#l1)-|(,23)+|(,23)-].

s = 1,2, ••-,£.

From (8) it follows that we have with respect to t the asymptotic relation

(11)       ^ "^ ^ ~ glog <{!>(«, «i)^p(<,«o)}+{«(«.ii)-í(í.*o)} (]_ _(_?ll_}_^._|_   .-.)

g (xo -j- t) \ t     t ) '

where the d's are independent of t. We see that p(t, xi) — p(t, z0)isa

polynomial in t of degree k — 1 and that q(t, X\) — q(t, xu) is a polynomial

in t and that its degree is m — 1 in case m is greater than k. (If & is zero the

corresponding difference function is zero.)

By differentiating we obtain from (11) the asymptotic relation*

(12)
d gjxt + t)

dtg(x0 + t)
.(_*_*_ ...)+„.„(l)(1+à+...).

where r(t) denotes the exponent on e in (11) and r' (t) = dr/dt, the relation

(12) being valid in the interior of V.

From (7) and (12) we see that

(13) U{r) = G{r)gn{(ll'\T\-  fTG(t)T(t)dt-   PG (t) S (t) di,

where  T(t) and S(t) are suitable functions asymptotic to the first and

second terms, respectively, in the second member of (12).

* For a theorem justifying this differentiation see a paper by J. F. Ritt in Bulletin of

the American Mathematical Society, vol. 24 (1918), pp. 225-227.
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It is convenient to make a separation of cases. We suppose first that

k < m. Then m ¡^ 2, since by hypothesis m > 1 if k = 0. The dominant

term in the exponent of the second member of (11), when this exponent is

expressed as a polynomial in t and log t, is

motmixi — xo)fnr'1.

Now a constant A exists such that | G ( t ) | < A for every real value of t not

less than a. Hence if R { ow ( Xi — Xo )} * is negative, it is clear that each

term in the second member of (13) approaches a finite limit as r becomes

infinite; and thence that J (xi ) is convergent.

In the next place suppose that k S m and k > 1. Precisely similar con-

siderations lead to the conclusion that J(xi) is convergent in case

R { ßk ( #i — x0 ) } is negative.

There remains the case in which k = 1 and m = 0 or 1. We shall show in

this case that J (xi ) is convergent provided that R { ßi (xi — x0 )} is negative.

For this special case (8) takes the form

g^  +  t)   ̂   f*+ M« + 0 g^+MÍ+fltt+O { 1   + °1 +   ...\

where ß = ai or 0 according as m = 1 or 0.    Then

<K*i-M)
¿m(*i-¿'o) gtm+ßX-i-i-J-o) j   J    i   _   i    ...   J

(14) g(x0 + t)

From this we see readily that the integrals

(15) fG(t)T(t)dt, HG(t)S(t)dt
Ja Ja

converge. Hence U(r) approaches a finite limit as r becomes infinite and

J ( Xi ) is therefore convergent.

Hence we have the following theorem (cf. Theorem I of Memoir I).

Theorem I. Let Xo and xi be two values of x which are non-exceptional for

the integral J (x) and suppose that J (x0) converges. Then J (xi) also con-

verges provided R ( <rxi ) < R ( <rXo ), where a denotes am or ßk according as m is

or is not greater than k.

By a region C of convergence of the integral J (x) we shall mean a region

such that J ( x ) converges for every non-exceptional value of x in the interior

of C and diverges for every non-exceptional value of x exterior to C. In a

similar way we define a region T of absolute convergence.

By means of Theorem I it is easy to determine the character of the region

of convergence of J (x). Compare the related argument in Memoir I, p. 214.

We have the following result.

* We employ the symbol R ( z ) to denote the real part of 2 .
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Theorem II. There exists a real number X such that the region of convergence

of J (x) is bounded by the straight line R(<rx) = X and lies on that side of this

line for which R(ax) < X.

This result may be compared with Theorem II of Memoir I. As to con-

vergence on the boundary of the region of convergence one may establish

properties similar to those given for ti(x) in Memoir I, pp. 214-216, the

method of treatment for J ( x ) being analogous to that for ß ( x ).

2.  Character op the region of absolute convergence

In view of (11) we have from (6), by means of an obvious argument, the

following theorems.

Theorem III. // x0 and Xi are two values of x which are non-exceptional

for J ( x ) and if J ( x0 ) converges absolutely, then J ( Xi ) converges absolutely

provided that R ( <xxx ) < R ( <nc0 ).

A ready consequence of this is the following theorem.

Theorem IV. There exists a real number ¿u such that the region of absolute

convergence of the integral J (x) is bounded by the straight line R(<rx) = ß

and lies on that side of this line for which R(o-x) < p.

3.  Uniform convergence

We shall now prove the following theorem (compare Theorem III of

Memoir I).

Theorem V. The integral J ( x ) converges uniformly in any closed domain

D which lies within its region of convergence and contains no point which is

exceptional for J (x) or is a limit point of points which are exceptional for J (x) .

From the character of D as defined in the theorem it is clear that a non-

exceptional point x0 and a positive constant e exist such that J ( Xo ) converges

and R (ax0) is less than R (axi) — t for every Xi in D. Let us now denote

the integral U(t) of (6) by U(x\, r) in order to put in evidence the variable

X\ which is to range over D.   To prove the theorem it is sufficient to show that

lim U(xi, t)

exists uniformly as to x% ranging over D. The changes (mostly verbal in

character) which may be made in the proof of Theorem I in order to reach this

conclusion are now obvious.    The argument need not be given in detail.

As an immediate consequence of Theorem V we have the following theorem.

Theorem VI. The integral J(x) defines a function J(x) of x ivhich is

analytic at every non-exceptional point which lies in the interior of its region of

convergence and is not a limit point of exceptional points, and the derivatives of

J ( x ) at every such point may be found by differentiating the integral J ( x ) under

the sign of integration.
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4.  Convergence numbers for the integral J(x)

For the determination of the convergence numbers we have the following

theorem which we shall now demonstrate (compare Theorem XII and corollary

of Memoir I).

Theorem VII. The convergence [absolute convergence] number X [ß] for

the integral J ( x ) is expressed in terms of </> and g by the following relations :

(1) in case k < m we have

X = — lim sup

log   f     <t>{t)g{t)dt

M=00 mu'" *

(2) in case k = m and k > 1 we

TO+l

jU = — lim sup

log        \4>(t)g(t) dt

mu"

X = — lim sup

log  f    4>(t)g(t)dt

kuk 1 log u

(3) in case k = 1 and m = 0 or 1 we have

ß = — lim sup

log f     \<f>(t)g(t)\dt

kuk * log u

X = — lim sup

I  /*e"

log 01
|«/eS(u)

t)g{t)dt

u
ß = — lim sup

peu

log     !|0(O0«) I*

M

wAeré i?(m) denotes the integral part of u.

Let us first prove the formulas for ß.    Taking up case (1), let us write

X»+i\4>{t)g{t)\dt
-Z~^i- f-mu"

In the first place we take f to be finite.    Then for every positive constant 5/2

there exists a U such that

f     \<l>(t)g(t)\dt<e™m-^+sl2)

provided that u ^ U.   To show that J ( Xi ) converges absolutely it is there-

fore sufficient to prove the convergence of the series

where M„ is the least upper bound of the values of |<c(a;i-r-<)/flr(0| m the

interval U + n ^ t ^ U + n + 1. We take X\ a non-exceptional point such

that R(amxi) = — f — 5. Employing (11) with x0 replaced by 0 we con-

clude readily that the foregoing infinite series is convergent.    Hence J (xi)

Trans. Am. Matb. Soc. 2»
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converges absolutely when X\ is a non-exceptional point such that R ( aw X\ )

< — £.   Hence /* < — f.

To prove that ¿í > — f we proceed as follows. For every positive constant

5/2 there exists an infinite sequence of numbers u\, u<¡, u3, • • • such that

Ui+i — Ui == 1 and
■.u+l

\d>(t)g(t)\dt>emttm-H(-mf
for u = «i, Ui, Ui, ■ • ■ .    Now let X\ be a non-exceptional point for J ( x )

such that R(amxi) = — f + 5.   Then the value of the integral

/.= T   L(0ff(0!
t7w¿ ff«)

«ft

clearly does not approach zero as i increases indefinitely, as one sees by aid of

relation (11); whence it follows that J (xi) is not absolutely convergent.

Hence p > — f.

In case f is infinite it may be shown that for every M and positive 5 a set

of numbers U\, w2, u%, • • • exists such that «¿+i — w,- ̂  1 and

f 4>{t)g{t)\dt >ir^x+t).

Then if Xi is a non-exceptional value for J (x) such that R (am X\) = — M,

it is clear that the value of the integral 7¿ does not approach zero as i increases.

Hence when f is infinite the integral J ( x ) converges absolutely for no non-

exceptional value of x.

We conclude therefore to the validity of the formula for p in case (1).

The determination of the value of p in cases (2) and (3) is so closely parallel

to that, employed in case (1) that it is unnecessary to give a statement of it.

Proceeding to establish the formula for X in case (1), let us write

log   f     d>(t)g(t)dt
hm sup-

mum~l

First let f be finite.    Then for every positive constant 5/2 there exists a U

such that

< e—-'«+«'»       when       u ^ U.f <p(t)g(t)dt

Let Xi be a non-exceptional point such that R ( am x\) = — f — 5 and con-

sider the second member of (13) for t becoming infinite, xa now having the

value zero. Through use of (11) it is easy to see that its first term approaches

a finite limit as r increases indefinitely.    That each of the other terms does
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so also may be shown readily through use of (12).   Hence J (xi) converges

and X < — f.
To prove that X > — f we let x0 be a non-exceptional point for which J ( x0 )

converges and prove that for every positive constant 5 there exists a U such that

■w+1

(16) \r\(J)g{t)dt < «-"-km-»       for       u > U,

where £ = — R ( a», xo ).

If in the computation by which (13) was derived we write u and u + 1

for a and r, respectively, and take xx = 0, we have

I ru+1 I    I a(r)    t+ii      ru+l
<t>(t)g(t)dt < g(T)   jV +       |ö(or«)|A

I i/u </ (la-o "T t; j„ j„

+ r ie(<)S(oi*.

From the convergence of J ( x0 ) it follows that a constant 5 exists such that

\G(t)\< B when < is a. Through (11) and (12) one now concludes readily

to the truth of (16).

Hence the formula for X is valid in case (1) if f is finite. Moreover, the

argument just ended shows that f can be infinite only when J ( x ) diverges

for every non-exceptional value z0. Hence the formula for X is valid in case

(1) when f is infinite.

Case (2) can be dealt with in the same manner as case (1).

In case (3) let us write

limw-Mog <j>{t)g{t)dt\ = f.

Suppose first that f is finite.    Then for every positive constant 5/2 a constant

U exists such that

1/\J.i
cj>(t)g(t)dt\<e"«+m)       when       u^U.

Let Xi be a non-exceptional point for J(x) such that R(ßiXi) = — f — 5.

We shall prove that J ( xi ) converges.

We shall employ relation (13) with x0 replaced by 0, a being chosen so that

a = e* where A; is a positive integer not less than E(U) and so that g ( t) is dif-

ferent from zero for t S a. To prove the convergence of J ( xi ) it is sufficient

to show that limT=00 U(t) exists and is finite, U(t) being defined as in (6).

We have

G(r) =   r<f>(t)g(t)dt

= E 4>{t)g{t)dt+ <j>{t)g{t)dt,
(=1 J.k+i-l J,k+l
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where k + I is the greatest integer such that e**1 < r.    Hence

IG ( t ) I < ¿ ef*+«í+í'2> + e'<*'•«+«» < log r • ri+ä/2.

Since R(piXi) = — f — 8 it is now easy to see from (13) by aid of (14)

and (12) that limT=00 U(t) exists and is finite.

From this it follows that J (xi) converges. Hence we conclude that

X < — f when f is finite.

Let us suppose next that x0 is a non-exceptional point for which J(x0)

converges. To complete the proof for X in case (3) when f is finite it is sufficient

to show that for every positive constant 5 there exists a U such that

(17) P    4>{t)g{t)dt< eu(i+6>       for       u ^ U,

where £ = — R ( pi x0 ).

If in the computation by which (13) was derived we write eE(l£) for a,

eu for t , and take X\ = 0, we have

I rU dir)    t=«u   If*".
<t>(t)g(t)dt g  G{r)     9K   ' + G(t)T(t)dt

I Jemu) 9\x0 + t) JT=e£(») |     Je£(ll,

+  P    \G(t)S(t)\dt.
JeE(u)

Since J ( Xo ) converges it is clear that a constant 1? exists such that | G ( t ) ¡ < B .

Hence, from the last preceding inequality, by aid of (14) and (12), we see

readily that (17) is a valid relation.    Hence X > — £" when f is finite.

The argument just ended shows that f can be infinite only when J ( x )

diverges for every non-exceptional value xo. Hence the formula for X in

case (3) is valid whether f is finite or infinite.

This completes the proof of the theorem.

University of Illinois


